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Abstract
Consider a non-self-mapping T : A → B, where (A,B) is a pair of nonempty subsets of a
metric space (X ,d). In this paper, we study the existence and uniqueness of solutions
to the global optimization problem minx∈A d(x, Tx), where T belongs to the class of
proximal quasi-contraction mappings.
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1 Introduction
Let (X,d) be a metric space and (A,B) be a pair of nonempty subsets of X. Consider a
non-self-mapping T : A → B. An element x∗ ∈ A is said to be a best proximity point of
the mapping T iﬀ d(x∗,Tx∗) = inf{d(a,b) : a ∈ A,b ∈ B}. Clearly, if A = B, a best proximity
point of T will be a ﬁxed point of T . The aim of best proximity point analysis is to provide
suﬃcient conditions assuring the existence and uniqueness of best proximity points, and
build algorithms that can serve to approximate such points.
In [], Sankar Raj introduced the concept of P-property and obtained a best proximity
point result for a class of weakly non-self-contractive mappings. Later on, many authors
considered diﬀerent classes of contractive mappings under the P-property (see, e.g., [–
]). Very recently, Abkar and Gabeleh [] observed that the most best proximity point
theorems obtained under the P-property can be deduced from existing ﬁxed point results
in the literature.
In [], Sadiq Basha presented an extension of Banach’s contraction principle via a best
proximity point theorem under the assumption: B is approximatively compact with re-
spect to A. Later on, various best proximity point results are derived under this assump-
tion (see, e.g., [–]). In a recent work, Sadiq Basha and Shahzad [] established new best
proximity point results for generalized proximal contractions of ﬁrst and second kind. For
other results on best proximity point analysis, we refer the reader to [–].
This paper discusses the existence and uniqueness of best proximity points for a new
class of non-self-mappings. More precisely, we introduce in this work the class of prox-
imal quasi-contractive mappings, and we establish new best proximity point results for
such mappings. In our results, we consider only proximal contractions of the ﬁrst kind.
Moreover, the compactness assumption, used in many previous works, is not assumed.
We show that the results obtained in [, ] are particular cases of our main result.
©2014 Jleli and Samet; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.
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The paper is organized as follows. In Section , we introduce the class of proximal
quasi-contractive mappings, and the concept of proximal orbital completeness. Section 
presents some useful lemmas that will be used to show that our proximal orbital com-
pleteness concept is weaker than the compactness condition imposed on the pair (A,B),
and the proximal condition of the second kind. In Section , we present and estab-
lish our main result. Finally, in Section , we show that many existing best proximity
point results including the obtained results in [, ] are particular cases of our main
theorem.
2 Deﬁnitions
Through this paper, N denotes the set of natural numbers, and N∗ =N\{}.




d(a,b) : a ∈ A,b ∈ B};
d(x,B) := inf
{
d(x,b) : b ∈ B};
(A) := sup
{
d(a,b) : a,b ∈ A};
A :=
{
a ∈ A : d(a,b) = d(A,B) for some b ∈ B};
B :=
{
b ∈ B : d(a,b) = d(A,B) for some a ∈ A}.
Deﬁnition . An element x∗ ∈ A is said to be a best proximity point of the non-self-






Reference [] introduced the following concept.
Deﬁnition . We say that B is approximatively compact with respect to A iﬀ every se-
quence {yn} ⊂ B satisfying the condition that limn→∞ d(x, yn) = d(x,B) for some x in A, has
a convergent subsequence.
Reference [] introduced the following concepts.
Deﬁnition . A non-self-mapping T : A → B is said to be a generalized proximal con-





⇒ d(u, v)≤ αd(x, y)+βd(x,u)+γd(y, v)+δ(d(x, v)+d(y,u)),
where x, y,u, v ∈ A.
Deﬁnition . A non-self-mapping T : A → B is said to be a generalized proximal
contraction of the second kind iﬀ there exist non-negative numbers α, β , γ , δ with
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where x, y,u, v ∈ A.
In this paper, we introduce the following concepts.
Deﬁnition . A non-self-mapping T : A→ B is said to be a proximal quasi-contraction




⇒ d(u, v)≤ qmax{d(x, y),d(x,u),d(y, v),d(x, v),d(y,u)},
where x, y,u, v ∈ A.
Remark . Clearly, we have the following implication: T is a generalized proximal con-
traction of the ﬁrst kind ⇒ T is a proximal quasi-contraction.
If T is a self-mapping on A, then the requirement in the preceding deﬁnition reduces to
the condition that
d(Tx,Ty)≤ qmax{d(x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)},
for all x, y,u, v ∈ A. Such condition was introduced by [] under the name of quasi-
contraction.





Then, for all a ∈ A, there exists a sequence {xn} ⊂ A such that
⎧⎨
⎩x = a,d(xn+,Txn) = d(A,B), ∀n ∈N. (.)
Proof Let x = a. Since T(A) ⊆ B, there exists x ∈ A such that d(x,Tx) = d(A,B).
Again, since Tx ∈ T(A)⊆ B, there exists x ∈ A such that d(x,Tx) = d(A,B). Contin-
uing this process, by induction, we can build a sequence {xn} ⊂ A satisfying (.). 
Deﬁnition . Under the assumptions of Lemma ., any sequence {xn} ⊂ A satisfying
(.) is called a proximal Picard sequence associated to a ∈ A.
For every a ∈ A, we denote by PP(a) the set of all proximal Picard sequences associated
to a.
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Let a ∈ A and {xn} ∈ PP(a). For all (i, j) ∈N, we deﬁne the following sets:
O(xi, j) := {xl : i≤ l ≤ j + i}
and
O(xi,∞) := {xl : l ≥ i}.
Deﬁnition . We say thatA is proximalT-orbitally complete iﬀ every Cauchy sequence
{xn} ∈ PP(x) for some x ∈ A, converges to an element in A.
If T is a self-mapping on A, then the requirement in the preceding deﬁnition reduces to
the condition that A is T-orbitally complete (see []).
3 Some useful lemmas
The following preliminary results will be useful later.




(ii) B is approximatively compact with respect to A.
Then the set A is closed.
Proof Let {xn} be a sequence in A such that
lim
n→∞d(xn,x) = , (.)
for some x ∈ A. By the deﬁnition of A, there exists a sequence {bn} in B such that
d(xn,bn) = d(A,B), ∀n ∈N. (.)
On the other hand, we have
d(x,B)≤ d(x,bn)≤ d(x,xn) + d(xn,bn), ∀n ∈N.
Using (.), we get
d(x,B)≤ d(x,bn)≤ d(x,xn) + d(A,B)≤ d(x,xn) + d(x,B).
Letting n→ ∞ in the above inequalities and using (.), we obtain
lim
n→∞d(x,bn) = d(x,B).
Since B is approximatively compact with respect to A, the sequence {bn} admits a conver-
gent subsequence {bnk }. Let b ∈ B such that
lim
k→∞
d(bnk ,b) = . (.)
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From (.), (.), and (.), we get
d(x,b) = lim
k→∞
d(xnk ,bnk ) = d(A,B),
which implies that x ∈ A. 
Lemma . Let (A,B) be a pair of closed subsets of a complete metric space (X,d). Let




(iii) T is a generalized proximal contraction of the second kind.
Then A is proximal T-orbitally complete.
Proof Let x ∈ A and {xn} ∈ PP(x) be a Cauchy sequence. Since (X,d) is complete and A
is closed, there exists x ∈ A such that
lim
n→∞d(xn,x) = . (.)
By deﬁnition of PP(x), for all n ∈N∗, we have
⎧⎨
⎩d(xn,Txn–) = d(A,B),d(xn+,Txn) = d(A,B).
Since T is a generalized proximal contraction of the second kind, for all n ∈N∗, we have
d(Txn,Txn+)≤ αd(Txn–,Txn) + βd(Txn–,Txn) + γd(Txn,Txn+) + δd(Txn–,Txn+).
Using the above inequality and the triangular inequality, we obtain
d(Txn,Txn+)≤ λd(Txn–,Txn), ∀n ∈N∗,
where (from α + β + γ + δ < )
≤ λ := α + β + δ – γ – δ < .
Using a standard technique of iterations, one can show that {Txn} is a Cauchy sequence.
Since (X,d) is complete and B is closed, there exists y ∈ B such that
lim
n→∞d(Txn, y) = . (.)
Now, from (.) and (.), we have
d(A,B) = lim
n→∞d(xn+,Txn) = d(x, y),
which implies that x ∈ A. 
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4 Main result
Our main result is giving by the following best proximity point theorem.
Theorem . Let (A,B) be a pair of subsets of a metric space (X,d). Let T : A → B be a
giving mapping. Suppose that the following conditions hold:
(i) A 
= ∅;
(ii) A is proximal T-orbitally complete;
(iii) T(A)⊆ B;
(iv) T is a proximal quasi-contraction.
Then T has a unique best proximity point x∗ ∈ A.Moreover, for any x ∈ A, any sequence
{xn} ∈ PP(x) converges to x∗.
Proof Let x be an arbitrary point in A. From Lemma ., the set PP(x) is nonempty. Let
{xn} ∈ PP(x) be a proximal Picard sequence associated to x ∈ A. So, we have
d(xn+,Txn) = d(A,B), ∀n ∈N. (.)
Clearly, if xN+ = xN for some N ∈ N, from (.), xN will be a best proximity point. So, we
can suppose that
d(xr ,xr+) > , ∀r ∈N. (.)
The proof is divided into several steps.
Step . Giving (s,n) ∈ N×N∗, we claim that for every pair (i, j) ∈ N with  ≤ i ≤ j ≤ n,
we have
d(xs+i,xs+j)≤ q
(O(xs+i–, j – i + ))≤ q(O(xs,n)). (.)







≤ q(O(xs+i–, j – i + ))
≤ q(O(xs,n)).
This proves our claim.
Step . We claim that
∀(s,n) ∈N×N∗,∃j := j(s,n) ∈ {, , . . . ,n}|(O(xs,n)) = d(xs,xs+j). (.)
Let (s,n) ∈N×N∗ be ﬁxed. By (.), there exists a pair (i(s,n), j(s,n)) ∈N with
≤ i := i(s,n) < j := j(s,n)≤ n





Suppose that i 
= . From (.), we have

(O(xs,n)) = d(xs+i,xs+j)≤ q(O(xs,n)),
that is a contradiction with q ∈ [, ). Then i =  and

(O(xs,n)) = d(xs,xs+j).
This proves our claim.
Step . We claim that

(O(x,n))≤  – qd(x,x), ∀n ∈N∗. (.)
From (.), we have

(O(x,n)) = d(x,xj),
for some j = j(,n) ∈ {, , . . . ,n}. Now, using (.), we have

(O(x,n)) = d(x,xj)≤ d(x,x) + d(x,xj)≤ d(x,x) + q(O(x,n)),
which proves our claim.
Step . We claim that {xn} is a Cauchy sequence.
Let (n,m) ∈N with ≤ n <m. Using (.), we have
d(xn,xm) = d(x(n–)+,x(n–)+m–n+)≤ q
(O(xn–,m – n + )). (.)
On the other hand, from (.) we have

(O(xn–,m – n + )) = d(xn–,xn–+j),
for some j ∈ {, , . . . ,m – n + }. Using (.), we obtain
d(xn–,xn–+j) = d(x(n–)+,x(n–)+j+)≤ q
(O(xn–,m – n + )).
Thus we have

(O(xn–,m – n + ))≤ q(O(xn–,m – n + )). (.)
From (.) and (.), we obtain
d(xn,xm)≤ q
(O(xn–,m – n + )).
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Continuing this process, by induction, we get
d(xn,xm)≤ qn
(O(x,m)).




which implies (since q ∈ [, )) that the proximal Picard sequence {xn} is Cauchy.
Step . Existence of a best proximity point.
SinceA is proximalT-orbitally complete, the sequence {xn} converges to some element





= d(A,B) = d(xn+,Txn), ∀n ∈N.























which holds only if d(x∗,u) = , that is, u = x∗. So, we have d(x∗,Tx∗) = d(u,Tx∗) = d(A,B),
which means that x∗ ∈ A is a best proximity point of T .
Step . Uniqueness of the best proximity point.









)≤ qmax{d(x∗, y∗),d(x∗,x∗),d(y∗, y∗),d(x∗, y∗),d(y∗,x∗)} = qd(x∗, y∗),
which holds only if d(x∗, y∗) = , that is, x∗ = y∗. 
Example . Consider the Euclidean space R endowed with the standard metric:
d
(
(x, y), (x, y)
)




(,α) ∈R : ≤ α ≤ }; B := {(,β) ∈R : ≤ β ≤ }.
Clearly (A,B) is a pair of closed subsets of (R,d) with A = A, B = B and d(A,B) = 
(see Figure ). Moreover, since A is a closed subset of the complete metric space (R,d),
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Figure 1 The pair (A,B) of closed subsets of (R2,d).
then A is proximal T-orbitally complete for any mapping T : A→ B. Deﬁne the non-self-









⎩α/ if ≤ α < /,α/ if /≤ α ≤ .
We shall prove that T is a proximal quasi-contraction. Indeed, let
u = (,α), v = (,β), x = (,γ ), y = (, δ) ∈ A
such that
d(u,Tx) = d(v,Ty) = d(A,B) = .
It is easy to show that
d(u,Tx) =  ⇐⇒ α = f (γ )
and
d(v,Ty) =  ⇐⇒ β = f (δ).
We distinguish three cases.
Case . ≤ γ < / and /≤ δ ≤ . In this case, we have
d(u, v) =


























d(x, y),d(x,u),d(y, v),d(x, v),d(y,u)
}
.
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Case . ≤ γ , δ < /. In this case, we have
d(u, v) =
∣∣f (γ ) – f (δ)∣∣ = |γ – δ|




d(x, y),d(x,u),d(y, v),d(x, v),d(y,u)
}
.
Case . /≤ γ , δ ≤ . In this case, we have
d(u, v) =
∣∣f (γ ) – f (δ)∣∣ = |γ – δ|




d(x, y),d(x,u),d(y, v),d(x, v),d(y,u)
}
.
Thus, we proved that T is a proximal quasi-contraction mapping with q = /. Now, all
the required hypotheses of Theorem . are satisﬁed, we deduce that T has a unique best
proximity point. In this example, x∗ = (, ) is the unique best proximity point of T .
5 Particular cases
In this section, we will show that many recent best proximity point theorems can be de-
duced from our main result.
The following result can easily be deduced from Theorem . (see Remark .).
Corollary . Let (A,B) be a pair of subsets of a metric space (X,d). Let T : A → B be a
giving mapping. Suppose that the following conditions hold:
(i) A 
= ∅;
(ii) A is proximal T-orbitally complete;
(iii) T(A)⊆ B;
(iv) T is a generalized proximal contraction of the ﬁrst kind.
Then T has a unique best proximity point x∗ ∈ A.Moreover, for any x ∈ A, any sequence
{xn} ∈ PP(x) converges to x∗.
Corollary . Let (A,B) be a pair of closed subsets of a complete metric space (X,d). Let
T : A→ B be a giving mapping. Suppose that the following conditions hold:
(i) A 
= ∅;
(ii) B is approximatively compact with respect to A;
(iii) T(A)⊆ B;
(iv) T is a proximal quasi-contraction.
Then T has a unique best proximity point x∗ ∈ A.Moreover, for any x ∈ A, any sequence
{xn} ∈ PP(x) converges to x∗.
Proof The result follows immediately from Theorem . and Lemma .. Indeed, from
Lemma ., since B is approximatively compact with respect to A, then A is a closed
subset of the complete metric space (X,d), which implies that A is proximal T-orbitally
complete. So, we have only to apply Theorem . to get the desired result. 
The following result due to [] is an immediate consequence of Corollary ..
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Corollary . Let (A,B) be a pair of closed subsets of a complete metric space (X,d). Let
T : A→ B be a giving mapping. Suppose that the following conditions hold:
(i) A 
= ∅;
(ii) B is approximatively compact with respect to A;
(iii) T(A)⊆ B;
(iv) T is a generalized proximal contraction of the ﬁrst kind.
Then T has a unique best proximity point x∗ ∈ A.Moreover, for any x ∈ A, any sequence
{xn} ∈ PP(x) converges to x∗.
The following best proximity point result due also to [] is a consequence of Corollary .
and Lemma ..
Corollary . Let (A,B) be a pair of closed subsets of a complete metric space (X,d). Let
T : A→ B be a giving mapping. Suppose that the following conditions hold:
(i) T(A)⊆ B;
(ii) T is a generalized proximal contraction of the ﬁrst and second kind.
Then T has a unique best proximity point x∗ ∈ A.Moreover, for any x ∈ A, any sequence
{xn} ∈ PP(x) converges to x∗.
Proof Since (X,d) is complete and T is a generalized proximal contraction of the second
kind, it follows fromLemma. thatA is proximalT-orbitally complete. Now, the desired
result can be obtained from Corollary .. 
Taking X = A = B in Theorem ., we obtain the famous Ćirić’s ﬁxed point theorem for
quasi-contractive mappings (see []).
Corollary . Let (X,d) be a metric space and let T : X → X be a quasi-contraction, that
is,
d(Tx,Ty)≤ qmax{d(x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)},
for all x, y ∈ X, where q ∈ [, ) is some constant. If X is T-orbitally complete, then T has a
unique ﬁxed point x∗ ∈ X.Moreover, for any x ∈ X, the sequence {Tnx} converges to x∗.
6 Conclusion
A new class of non-self-contractive mappings is introduced in this work. Under a proxi-
mal orbital completeness assumption, we established the existence and uniqueness of best
proximity points for such mappings. We proved also that our proximal orbital complete-
ness condition is weaker than the compactness condition and the proximal condition of
second kind.
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